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r~| , This work is devoted to the study of a Liouville comparison prin- 

ciple for entire weak solutions of quasilinear differential inequalities of 
the form A(u) + Iwl' 3-1 ^ < A(y) + \v\ q ~ 1 v on W 1 , where n > 1, q > 0, 
and the operator A(w) belongs to a class of the so-called a-monotone 
operators. Typical examples of such operators are the p-Laplacian 
and its well-known modifications for 1 < p < 2. The results improve 
and supplement those in [1]. 
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■ 1 Introduction and Definitions 

o . 

This work is devoted to the study of a Liouville comparison principle for 
entire weak solutions of quasilinear differential inequalities of the form 



>< ' A(u) + [u^u < A(v) + \v\ q ~\ (1) 



on M n , where n > 1, q > and the operator A(w) belongs to a class of the 
so-called a-monotone operators. Typical examples of such operators are the 
p-Laplacian 

A p (w) := div (|Vw| p " 2 Vw) (2) 
for 1 < p < 2 and its well-known modification (see, e.g., [2, p. 155]), 
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for n > 2 and 1 < p < 2. The results obtained in this work improve 
and supplement those in [1]. To prove these results we further develop the 
approach that was proposed to solve similar problems in wide classes of 
partial differential equations and inequalities in [3] and [4]. 

In what follows, n > 1 is a natural number, q > and a > 1 are real 
numbers. Let A(w) be a differential operator given formally by the relation 

i=l 

Assume that the functions Ai(x,£), i = 1, . . . ,n, satisfy the Caratheodory 
conditions on R™ x IR n . Namely, they are continuous in £ at almost all iGl" 
and measurable in x at all (6l n . 

Definition 1 Let n > 1 and a > 1. TTie operator A(w), given by (4), is 
said to be a-monotone if Aj, (x, 0) = ; i — 1, . . . , n, ai almost all x G M n , 
and inere exists a positive constant /C sncn tnai 

n 

o<£@-£)(4MV4M 2 )) ( 5 ) 

i=l 

and 

\i=i 

^^^^-^(A^o-A^a)) (6) 

ao/d ai a// £\ £ 2 G K Tt and a/mosi a// x G M n . 

Note that the condition (5) is the well-known monotonicity condition in 
PDE theory, while the condition (6) is the proper a-monotonicity condition 
for differential operators, considered first in [4]; see also [5]. Ibidem one 
can find algebraic inequalities from which it follows immediately that the 
p-Laplacian A p and its modification A p , as well as the weighted p-Laplacian 

A p (w) := div (a (x) | Vnj| p ~ 2 Vu>) , (7) 
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(see, e.g., [6, p. 55]), with any measurable non-negative uniformly bounded 
function a(x) on R™, satisfy the a-monotonicity condition for a = p and 
1 < p < 2. Note also that the a-monotonicity condition (6) in the case 
£ 2 = is in turn a special case of the very general growth condition for 
quasilinear differential operators, considered first in [7]. 

Definition 2 Let n > 1, a > 1 and q > 0, and let the operator A{w) be 
a-monotone. By an entire weak solution of the inequality (1) we under- 
stand a pair of functions (u,v) measurable on R n which belong to the space 
W^ loc (M, n ) fl L q ^ oc (M, n ) and satisfy the integral inequality 
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dx > 



^2<p x .Ai(x,Vv) - \r\- r r 



i=i 



for every non-negative function <p G C°°(lR n ) with compact support. 



dx 
(8) 



2 Results 

Theorem 1 Let n = 1, 2 > a > 1 and q > 0. Let the operator A(w) be 
a-monotone, and let (u,v) be an entire weak solution of the inequality (1) on 
W 1 such that u(x) > v(x). Then u(x) = v(x) on M, n . 

Theorem 2 Let n = 2, a = 2 and q > 0. Let the operator A(w) be a- 
monotone, and let (u, v) be an entire weak solution of the inequality (1) on 
W 1 such that u(x) > v(x). Then u(x) = v(x) on W l . 

Theorem 3 Letn > 2. 2 > a > 1, n > a, > q > a-1 andq > 1. Let 

the operator A(w) be a-monotone, and let (u, v) be an entire weak solution 
of the inequality (1) onW 1 such that u(x) > v(x). Then u(x) = v(x) on M n . 

Theorem 4 Let n > 2, 2 > a > I, n > a, q > "[ t a _~ 1) and q > I, and let 
the operator A(w) be a-monotone. Then there exists no entire weak solution 
(u,v) of the inequality (1) onW 1 such that u(x) > v(x) and the relation 

limsup K~ nJr ^^ I (u - v) q ~ u dx = +oo (9) 

_R^+oo J 

\x\<R 

holds with any given v G (0, a — 1]. 
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Remark 1 If, in Theorem 4, v = a — 1, then the relation (9) has the form 
limsup BT n+a I (u- v) q ~ a+1 dx = +oo. (10) 

R^+oo J 

\x\<R 

To illustrate the sharpness of Theorem 4 we give Example 1. 

Example 1 For n > 2, 2 > a > 1, n > a, q > n£2zH } q > 1 and a suitable 
constant c > 0, the pair (u, v) of the functions 

u{x) = c(l + |a;|«/(«-i))(i-«)/(9-«+i) (ii) 

and 

v(x) = (12) 

is an entire weak solution of the inequality (1) onW 1 with A(w) = A a (w) 
or A(w) = A a (w), respectively, such that u(x) > v(x) and, for any given 
v e (0, a — 1], the relation 

limsup R~ n+ T^ I ( u - v) q ~ v dx = d, (13) 

i?-++oo J 

\x\<R 

with C\ a certain positive constant, holds. 

The two following statements are simple corollaries of Theorem 4. 

Theorem 5 Let n > 2, 2 > a > 1, n > a, q > n(a ~ 1 - ) and q > 1, and let 
the operator A(w) be a-monotone. Then, for any given constants c > and 
5 > 0, there exists no entire weak solution (u,v) of the inequality (1) on W 1 
such that u{x) > v(x) + c(l + | x |a/(«-i))(i-a)/(«-«+i)+«. 

Theorem 6 Let n > 2, 2 > a > I, n > a, q > n ( Q ~ 1 ) and q > 1. and 
let the operator A(w) be a-monotone. Then, for any given constant c > 
there exists no entire weak solution (u,v) of the inequality (1) on W l such 
that u{x) > v(x) + c. 

Theorem 7 Let n>2, 2>a>l, n>a and 1 > q > 0, and let the 
operator A(w) be a-monotone. Then there exists no entire weak solution 
(u,v) of the inequality (1) onW 1 such that u(x) > v(x) and the relation 

limsupiT-" I {\u\ q - 1 u-\v\ q - 1 v){u-v) 1 - a dx = +oo (14) 

{\x\<R}n{x:u(x)^v(x)} 

holds. 
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Remark 2 If, in Theorem 7, q = 1, then the relation (14) has the form 

limsup-R " - " / (u - v) 2 ~ a dx = +oo. (15) 

R^+oo J 

{\x\<R}n{x: u(x)^v(x)} 

To illustrate the sharpness of Theorem 7 we give three examples. 

Example 2 For n>2, 2>a>l, n>a,a-l>q>0, 0<fi< 

A = (a — l)/(a: — 1 — q), and a suitable constant c > 0, the pair (u,v) of the 

functions 

u(x) = c(l + \x\ a/(a - iy ) x + (1 + \x\ a/{a -^)-» (16) 

and 

v(x) = c(l + \x\ a/(a - l) ) x (17) 

is an entire weak solution of the inequality (1) onW 1 with A(w) = A a (w) or 
A{w) = A a (w), respectively, such that u(x) > v(x) and the relation 

limsupi?"-™ / (\u\ q - 1 u-\v\ q ~ 1 v)(u-v) 1 - a dx = C 2 , (18) 

R-*+oo J 

{\x\<R}D{x:u(x)^v(x)} 

with C 2 a certain positive constant, holds. 

Example 3 For n>2, 2>a>l, n>a, a-l>q>0, 0<fx< V ^ L , 
A > (a — l)/(a: — 1 — q), and a suitable constant c > 0, the pair (u,v) of the 
functions (16) and (17) is an entire weak solution of the inequality (1) onW 1 
with A{w) = A a (w) or A(w) = A a (w), respectively, such that u(x) > v(x) 
and the relation 

limsupiT- n / {\u\ q ~ 1 u-\v\ q - 1 v){u-v) l - a dx = ® (19) 

R-^+oo J 

{\x\<R}n{x: u(x)^v(x)} 

holds. 



Example 4 To illustrate the sharpness of Theorem 7 in the case when 1 > 
q > and q > n ^I& > we note that for n > 2, 2 > a > 1, n > a, 1 > q > 0, 

q > n( ^Ia > an d a suitable constant c > 0, the pair (u,v) of the functions 
(11) and (12) is an entire weak solution of the inequality (1) on W 1 with 
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A(w) = A a (w) or A(w) = A a (w), respectively, such that u(x) > v(x) and 
the relation 

limsup R a ~ n [ {\u\ q - l u - \v\ q ~ l v){u - v) l ~ a dx = C 3 , (20) 

{\x\<R}n{x:u(x)^v(x)} 

with C3 a certain positive constant, holds. 

Remark 3 If, in Example 4, Q = 1, then the relation (20) has the form 

limsup R a ~ n [ (u - vf- a dx = C 3 . (21) 

{\x\<R} 

The following statement, which is an immediate corollary of Theorem 7 
and Remark 2, supplements the results of Theorem 3 for the case q = a — 1, 
which is possible in that theorem only if a — 2 and q — 1. 

Theorem 8 Let n > 3, a = 2 and q — 1, and let the operator A(w) be a- 
monotone. Then there exists no entire weak solution (u, v) of the inequality 
(1) onW 1 such that u{x) > v(x). 
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